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Abstract Quantitative remote sensing is an appropriate wa  to estimate structural parameters
and spectral component signatures of Earth surface cover } pe. Since the real phj sical § stem
that couples the atmosphere, water and the land surface i$ vey complicated and should be a
continuous process, sometimes it requires a comprehensive set of parameters to describe such
a§ stem, so ap practical ply sical model can on] be approyimated b a mathematical model
which includes on] alimited number of the most important parametérs that capture the major
variation of the real § stem. ¢ e pivot problem for quantitative remote sensing is the inversion.
Inverse problems aré { picall ill-posed. e ill-posed nature is charﬁterizedl‘; : (C1) the solu-
tionmg notexist; (C2) thedimension of the solution space mg  be itN nite; (C 3) the solution is
not continuous with variations of the observed signals. o8¢ issues exist near] for all inverse
problems in geoscience and quantitative remote sensing. For eyample, when'the observation
stem is band-limited or sampling is poor, i.e., there are too few observations, or directions are
poor located, the inversion process would be underdetermined, which leads to the large condi-
tion number of the normalized g and the sigl;i cant noise propagation. Hence (C2) and
(C 3) would be the highlight di «#ilties for quantitative remote sensing inversion. PRE chapter
will address the theoy and methods from the viewpoint that the quantitative remote sensing
inverse problems can’be represented b kernel-based operator equations and solved b coupling
regularization and optimization methods. ‘

1 Introduction

Both modeling and model-based inversion are important for quantitative remote sensing. Here,
modeling main] refers to data modeling, which is a method used to di ne and ana] ze data
requirements; inodel-based inversion main] refers to using phy sical or empirical] ph sical
models to infer unknown but interested pardmeters. Hundreds of models related to atmosphere,
vegetation, and radiation have been established during past decades. e model-based inversion
in geoph sical (atmospheric) sciences has been well understood. However, the model-based
inverse problems for Earth surface received much attention b scientists on] in recent, ears.
Compared to modeling, model-based in\;e;:*m is still in the'stage of exploration (Wang et al.
2009¢). ¢ is is because that intrinsic di«#ilties exist in the application of a priori informa-
tion, inverse strateg , and inverse algorithm. ¢ e appearance of ly perspectral and multiangular
remote sensor enlianced the exploration means, and provided us more spectral and spatial
dimension information than before. However, how to utilize these information to solve the
problnei‘ns faced in quantitative remote sensing to make remote sensing reall enter the time of
quantN cation is still an arduous and urgent task for remote sensing scieritists. Remote sens-
ing inversion for dff erent scien’ti c problems in d¥ erent branch is being paid more and more
attentions in recent, ears. In a series of international stud projections, such as International
Geosphere-Biosphere Programme (IGBP), World Climaté Research Programme (WCRP), and
NASAS Earth Observing § stem (EOS), remote sensing inversion has become a focal point of
stud . ‘

‘Model-based remote sensing inversions are usuall optimization problems with d¥ erent
constraints. ﬁerefore, how to_incorporate the method developed in operation researcﬁi eld
into remote sensing inversioﬁi eld is ver much needed. In quantitative remote sensing, since
the real ply sical § stem that couples thé atmosphere and the land surface is vey complicated
(see © Fig. a)and should be a continuous process, sometimes it requires a comprehensive set of
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Remote observing the Earth (a); geometry and parameters for laser scanner (b)

parameters to describe suchag stem,soan practical phy sical modelcan on] be approyimated
b amodel which includes on] alimited iumber of the most important pardmeters that capture
the major variation of the real § stem. Generall speaking, a discrete forward model to describe
such a § stem is in the form

y =h(x,S), O

where Y is single measurement, X is a vector of controllable measurement conditions such as
wave band, viewing direction, time, Sun position, polarization, and the forth, S is a vector of
state parameters of the § stem approyimation, and h is a function which relates x with S, which
is generall nonlinear and continuous.

With the abilif of satellite sensors to acquire multiple bands, multiple viewing directions,
and so on, while'keeping S essentlall the same, we obtain the following nonhomogeneous
equations

y = h(x,S) +n, (2)

where y is a vector in RM, which is an M dimensional measurement space with M values cor-
responding to M d¥ erent measurement conditions, n € RM is the vector of random noise with
same vector length M. Assume that there are m undetermined padgmeters need to be recov-
ered. Clearvl ,if M =m, (2) is a determined § stem, so it is not di«#ult to develop some suitable
algorithms to solve it. If more observations ‘can be collected than the existing parameters in the
model (Verstraete et al. 1996), i.e., M > m, the § stem (2) is over determined. In this situation,
the traditional solution does not exist. We must de¥ ne its solution in some other meaning, for
example, the least squares error (LSE) solution. However as Li in (Li et al. 199 ) pointed out that,
“for ph sical models with about ten parameters (single band), it is questionable whether remote
sensirig inversion can be an over determined one in the foreseeable future, o erefore, the inver-
sion problems in geosciences seem to be alwg s underdetermined in some sense. Nevertheless,
the underdetermined § stem in some cases, can be alwg s converted to an overdetermined one
b utilizing multlangular remote sensing data or b accumulatlng some a priori knowledge (Li
et al. 2000).

Developed methods in literature for quantitative remote sensing inversion are main] sta-
tistical methods with several variations from Bg esian inference. In this chapter, using kernel
expression, we ana] ze from algebraic point of view, about the solution theoy and methods for
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quantitative remote sensing inverse problems. ¢ e kernels mentioned in this chapter main]
refer to integral kernel opergtors (characterized b integral kernel functions) or discrete linear
operators (characterizedl‘g nite rank matrices). It is closevl related with the kernels of linear
functional ana] sis, Hilbért space theoy , and spectral theoy . In particular, we present regu-
larizing retrieval of parameters with a‘posteriori choice of regularization parameters, several
cases of choosing scale/weighting matrices to the unknowns, numericall truncated singular
value decomposition (NTSVD), nonsmooth inversion in |p space and advanced optimization
techniques. focse methods, as far as we know;, are novel to literature in Earth science.

e outline of this chapter is as follows: in @ Sect. 2, we list three ¢ picgikernel—based
remote sensing inverse problems. One is the linear kernel-based bidirectional re ¥ctance distri-
bution function (BRDF) model inverse problem, which is of great importance for land surface
parameters retrieval; the other is the backscattering problem for Lidar sensing; and the last
one is aerosol particle size distributions from optical transmission or scattering measurements,
which is a long time existed problem and still an important topic todg . In @ Sect. 3, the reg-
ularization theor and solution techniques for ill-posed quantitativé remote sensing inverse
problems are described. © Section 3. introduces the conception of well-posed problems and
ill-posed problems; © Sect. 3.2 discusses about the constrained optimization; @ Sect. 3.3
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| pe (see Strahler et al. 19%4; Roujean et al. 1992). ¢ state of the art of BRDF is the use of the
linear kernel-driven models, mathematical] described as the linear combination of the
isotropic kernel, volume scattering kernel, and geometric optics kernel. ; e information extrac-
tion on the terrestrial biosphere and other problems for retrieval of land surface albedos from
satellite remote sensing have been considered b man authors in recent, ears, see for instance
the survg papers on the kernel-based BRDF models b (Pokrovsk * and Roujean (2002),
Pokrovsk et al. (2003), Pokrovsl‘g and Roujean (200 3), ‘and references therein. 5 e compu-
tational stabilif is characterized the algebraic operator spectrungef the kernel-matriy and
the observation errors. g _erefore, the retrieval of the model coe «#ents is of great importance
for computation of the land surface albedos.
P linear kernel-based BRDF model can be described as follows (Roujean et al. 1992):

fiso + kVOl(ti)tV3 ¢)fvol + kgec(ti,tv, ¢)fgeo = I’(ti,tv, ¢)> (3)

where r is the bidirectional re'.'zctance; the kernels Kyo and Kgeo are so-called kernels, that is,
known functions of illumination and of viewing geomety which describe volume and geomet-
ric scattering, respective] ; ti and ty are the zenith angle of the solar direction and the zenith
angle of the view direction respective] ; ¢ is the relative azimuth of sun and view direction;
and fiso, fyol, and fgeo are three unkniown parameters to be adjusted toN t observations. ¢ e-

oretlcall fiso», fvol, and fgeo are close]  related to the biomass such as leaf area index (LAI),

Lambertlan rellctance, sunlit crown re"'zctance, and viewing and solar angles. e vital task
then is to retrieve appropriate values of the three parameters.

General] speaking, the BRDF model includes kernels of man f pes. However, it was
demonstrated that th combination of Ross 1ck (Kyor) and LiSparse’ (Kgeo) kernels had the
best overall ab1ht to t BRDF measurements and to extrapolate BRDF and albedo (see, e.g.,
Wanner et al. 1995 Li et al. 1999; Privette et al. 199 ). A suitable expression for the Ross f- ick
kernel K, was derived 13 Roujean et al. (1992). It is reported that the LiTransit kernel Krransit,
instead of the kernel Kgeo, is more robust and stable than LiSparse non-reciprocal kernel and
the reciprocal LiSparse kernel Ksparse (LiSparseR) where the LiTransit kernel and the LiSparse
Eslzarse) E <2 2’ and B is given b b B := B(ti,tv,9) =
B Ksparse>
-0(ti, tv, ) + sect +secty in Li et al. (2000). More detailed explanauon about O and t" in the
nition of Kyansit can be found in Wanner et al. (1995).

kernel are related b Kransit =

To use the combined linear kernel mo a kg issue is to numericalvl solve the inverse
model in a stable wa . However, it is di«#ilt to do in practical applications due to ill-posed
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With each scan, measurements are taken of the round trip time of the laser pulse, the received
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particle size distribution function becomes a basic task in aerosol research (see, e.g., Twomg
19 ; Davies 19 4; Bohren and ng man 19 g Mccartng 19 6; Bockmann 2001; Bockmarnn
and Kirsche 2006). Since the relationship between the 's?e of e}%nospheric aerosol particles
and the wavelength dependence of the extinction coe «#ent was¥ rst suggested b Angstr m
(Angstr m 1929), the size distribution began to be retrieved 13 eytinction measurements.

For sun-photometer, the attenuation of the aerosols can be written as the integral equation
of théi rst kind -

Taero (M) = f. 1’ Qese(r, A, n)N(r)dr + o (), ()

where r is the particle radius; n(r) is the columnar aerosol size distribution (i.e., the number
llof particles per unit area per unit radius interval in a vertical column through the atmosphere);
In is the complex refractive index of the aerosol ?—rticles; A is the wavelength; o(A) is the
error/noise; and Qex (1, A, 1) is the extinction eAGe'n‘c' factor from Mie theor . Since aerosol
optical thickness (AOT) can be obtained from the measurements of the solar l"1;; densi} with
sun-photometers, one can retrieve the size distribution b the inversion of AOT measurements
through the above equation. s § pe of method is called extinction spectromety , which is
not on] the earliest method app] “ing remote sensing to determine atmospheric aerosol size
characteristics, but also the most mature method thus far.

A common feature for all particle size distribution measurement§ stems is that t}'li relation
between noiseless observations and the size distribution function can’be expressed as a\ rst kind
Fredholm integral equation, e.g., see Voutilainenand and Kaipio (2000), Wang et al. (2006a),
Wang (200 ,2009), Ngy enand Cox (198 9), Wang and Yang (20® ). For the aerosol attenuation
problem ( ), let us rewrite ( ) in the form of the abstract operator equation

K: X —),
(KM + o) = [T k(mAmNMdrE o) =oh) +o(N) =d() €

where K(r,A,n) = Tr*Qeye (1, A, N); X denotes the function space of aerosol size distributions;
and ) denotes the observation space. Both & and ) are considered to be the separable Hilbert
space. Note that Taero in Eq.  is the measured term, it inevitab‘} induces noise/errors. Hence,
d(A) is actuall a perturbed right-hand side. Keeping in mind operator § mbol, Eq. ¢ can be
written as ~ * ‘

Kn+o=0+p=dl. (9)

3 Regularization

From this section till the end of the chapter, unless it is speéi ed, we will denote the operator
equation as

K(x) =y, (10)

which is an appropriate eypression for an observing s stem, with K the response function (lin-
ear or nonlinear), X the unknown input and y the ¢bserved data. Particular] , if K is a linear
mapping, we will denote the response § stem as ‘

Kx =Y, ()
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which is cleal;l a special case of (10). We will also use K as a operator in i:* nite
spaces sometirhes, and a matriy sometimes. We assume that readers can readi] recognize
them. ‘
e problem (10) is said to be proper] posed or well-posed in the sense that it has the
following three properties: ‘
(Co focre exists a solution of the problem, i.e., existence;
(C») 5_,ere is at most one solution of the problem, i.e., uniqueness;
(oY) e solution depends continuousvl on the variations of the right hand side (data), i.e.,
stabilif . :
e condition (Ci) can be easil fl'li lled if we enlarge the solution space of the prob-
lem (10). e condition (C;) is seldom sati's ed for mag indirectvl measurement problems.
is means more than one solution mg be found for the problem (10) and the informa-
tion about the model is missing. In this case, a priori knowledge about the solution must
be incorporated and built into the model. ¢ e requirement of stabilif is the most important
one. If the problem (10) lacks the properf of stabilif , then the computed solution has noth-
ing to do with the true solution since the practicall computed sfution is contaminated b
unavailable errors. ¢ erefore, thereisnowa to overcome this di«#ult unless additional infor-
mation about the solution is available. Agdin, a priori knowledge about the solution should be
involved.
If problem (10) is well-posed, then K has a well—d'a ned, continuous inverse operator K~
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For § ective inversion of the ill-posed kernel driven model, we have to impose an a priori
constraint to the interested parameters. PRE leads to solving a constrained LSE problem

minJ(x), s.t. Kx=y, Ai<c(x)< Ay (1)

where J(x) denotes an object functional, which is a function of x, ¢(x) is the constraint to
the solution x, A and A are two constants which specif the bounds of ¢(x). Usual] , J(x) is
chosen as the norm of x with dff erent scale. If the parameter x comes from a smooth function,
then J(x) can be chosen as a smooth function, otherwise, J(x) can be nonsmooth.

¢ constraint ¢(x) can be smooth (e.g., Sobolev stabilizer) or nonsmooth (e.g., total vari-
ation or lg norm (q # 2) based stabilizer). A generical] used constraint is the smoothness. It
assumes that ply sical properties in a neighborhood of space or in an interval of time present
some coherencé and general] do not change abrupt] . Practical] , we can alwg ;i nd regular-
ities of a py sical phenomenon with respect to certain properties over a short period of time
(Wang et al. 200 a, 2008). e smoothness a prior has been one of the most popular a prior
assumptions in applications. e general framework is the so-called regularization which will
be explained in the next subsection.

Most of inverse problems in real environment are general] ill-posed. Regularization methods
are wide] -used to solve such ill-posed problems. e complete theoy for regularization was
developéd b Tikhonovand his colleagues (Tikhonovand Arsenin 19 *). For the discrete model
(12), we suppose y is the true right-hand side, and denote y, the measurements with noise
which represents the bidirectional rel.'actance. ¢ Tikhonov regularization method is to solve
a regularized minimization problem

1%(x) = |[Kx - ya|3 + a|D"*x|3 — min (1)

instead of solving
J(x) = |[Kx = yn||5 — min. (15)

In (W), 0 is the regularization parameter and.D is a positive] (semi-)dj nite operator. B a
variational process, the minimizer of (la) sati's es ‘ ‘

K'Kx +0aDx = K'y,. (16)

¢ operator D is a scale matrix which imposes smoothness constraint to the solution x. ¢ e
scale operator D and the regularization parameter o can be considered as some kind of a priori
information, which will be discussed next.
Phillips Twomg ’s regularization is based on solving the problem (Phillips 1962; Twomg
19 5) : :
min Q(x), s.t. [Kx—yn| = A, ()

where Q(x) = (Dx,x), where D is a preassigned scale matrix and A > 0. It is clear that Phillips
Twomeg ’s regularization shares similarif with Tikhonov’s regularization and can be written in
consistent form. ‘



Quantitative Remote Sensing Inversion in Earth Science: Theory and Numerical Treatment

795

3.3.1 Choices of the Scale Operator D

To regularize the ill-posed problem discussed in © Sect. 3.1, the choice of the scale operator
D has great impact to the performance to the regularization. Note that the matriy D pla s the
role in imposing a smoothness constraint to the parameters and in improving the condition of
the spectrum of the adjoint operator K'K. 4_erefore, it should be positive] d'g nite or at least
positive] semi-de nite. One mg readi] see that the identif mg be a choice. However this
choice does not full emplg thé assumption about the continuif *of the parameters.

In Wang et al. (200 a), 'we assume that the operator equation (12) is the discretized version
of a continuous ply sical model

K(x(1) =y(1) (%)

with K the linear/nonlinear operator, X(T) the complete parameters describing the land sur-
faces and y the observation. Most of the kernel model methods reported in literature mg have
the above formulation. Hence instead of establishing regularization for the operator equation
(12) in the Euclidean space, it is more convenient to perform the regularization to the operator
equation (1) on an abstract space. So from a priori considerations we suppose that the param-
eters X is a smooth function, in the sense that X is continuous on [a, b], is df erentiable almost
ever where and its derivative is square-integrable on [a,b]. B Sobolev’s imbedding theorem
(seé, e.g., Tikhonov and Arsenin 19 ; Xiao et al. 200 ), the continuous dif erentiable function
X in W"? space imbeds into integrable continuous function space L, automatical] . ¢ inner
product of two functions X (T) and y(T) in W"? space is d'i nedb ‘

K0,y (s = [, (x(r)y(r) 53 %%)dr.drz...drn, )

where O is the assigned interval of the d'a nition.

Now we construct a regularizing algorithm that an approgimate solution x* ¢ W"*[a,b]
which converges, as error level approaching zero, to the actual parameters in the norm of space
W"?[a,b], precise] we construct the functional

3%(x) = pr[Kx, y] + aL(x), (20)

where pr[KX, y] = 3[|KX = y[1,, L(X) = 3 X[y
Assume that the variation of X(T) is ¥t and smooth near the boundar of the integral
interval [a,b]. In this case, the derivatives of X are zeros at the bounday of [, b]. Let hr be the

step size of the grids in [a, b], which could be equidistant or adaptive. gocna er discretization
of L(x), D is a tridiagonal matrix in the form
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created Q the norm of the second dﬁ erences, ZE\L}' (Xizt = 2Xj + X )2, which leads to the
following form of matrix D
[ 1 -2 1 0 [] 0 0 [] 0 0 ]
-2 5 —a 1 [] 0 [] [] [] 0
1 —ad 6 —al 1 0 0 [] [] 0
0 l —al 6 —al 1 [] 0 0 0
D:=D,=| : oo : : :
[] [] [] [] 1 —ad 6 —al l 0
[] [] 0 0 0 1 —al 6 —al 1
0 0 0 [] [] 0 1 —al 5 -2
L o o o *o 0o o o U -2 U |

However, the matrix D is bad] conditioned and thus the solution to minimize the functional
J%[x] with D as the smooth constraint is observed to have some oscillations (Wang et al. 2006).
Another option is the negative Laplacian (see, e.g., Wang and Yuan 200 3 Wang 200 ): Lx := —
S 3%(, for which the scale matrix D for the discrete form of the negative Laplacian LX is

T -t @ - o o
-1 2 -t - 0 0
D:=D,;= : : oo :
0 ¢ o0 -1 2 -1
[] 0 0 -1 1

Where we assume that the discretization step length as 1. e scale matrix D is positive s:#ni-
d'g nite but not positive d'ci nite and hence the minimization problem mg not work eAﬁentvl
for severe] ill-posed inverse problems. Another option of the scale matrix D is the identif , i.e.,
D := D.'= diag(e), where e is the components of all ones, however this scale matrix'is too
conservative and mg lead to over regularization.

3.3.2 Regularization Parameter Selection Methods

As noted above, the choice of the regularization parameter a is important to tackle the ill-
posedness. A priori choicg of the parameter o allows 8 < a < |. However the a priori choice of
the parameter does not res'zct the degree of approyimation that mg lead to either over estimate
or under estimate of the regularizer. ‘

We will use the wide] -used discrepang principle (see, e.g., Tikhonov and Arsenin 19 ;
Tikhonov et al. 1995; Xido et al. 200 3) t(.)i id an optimal regularization parameter. In fact, the
optimal parameter a” is a root of the nonlinear function

w(a) = [Kxq —ya|* - 87, 20

where 0 is the error level to specif the approyimate degree of the observation to the true noise-
less data, x4 denotes the solution of the problem in Eq. (16) corresponding to the value o of
the related parameter. Noting (o) is d¥ erentiable, fast algorithms for solving the optimal
parameter 0" can be implemented. In this chapter we will use the cubic convergent algorithm
developed in (Wang and Xiao 2001):

2r(ay)
w(are) + (O (o)’ = 2 (o) w7 (ag)):

Ogq1 = Ok — (22)
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In the above cubic convergent algorithm, the function *'(a) and ¥''(a) have the following

a> daz >
where B(a) = |xq|? B'(a) = 2 (d"“ ), and Xq, dxq/da and d*xq/do’ can be obtained b

da > X
solving the following equations:

(K"K + aD)xq = Ky, (29

explicit expression:

qu

(@) - o (@), (@) - B (o) - 20 | B2

(KTK+aD)ﬁ = —Dxq, (24)

dxa
da”

To solve the linear matrix-vector equations (23 25), we use the Cholesl‘g (square root)

(K K+aD)dX“ --2D (25)

decomposition method. A remarkablefsharacteristic of the solution of (2§ 25) is that the
Cholesk decomposmon of the coe «#ent matrix K'K + aD needs onl once, then the three
Vectors xq, dxq/da, dxq / do? can be obtained cheapl

In the case of perturbation of operators, the above method can be applied s1m1larl Note
that in such case, the d1screpanc equation becomes

() = [Kxa — yal? — (3 + 8)2 (S (v K))* = 8, (26)

where 9 is the error level of K approgimating the true operator, n = (06, 6) and Hn(ya, K) is the
incompatibilif measure of the equation Kx =y and K > 0. Equation 26 is called a generalized
discrepang équation and is an one-dimensional nonlinear equation which can be solved b
Newton’s or cubic convergent method. For more information about generalized dlscrepans
we refer to Wang (200 ), Tikhonov et al. (1995) for details.

Instead of Tikhonov regularization, our goal in this section is to solve an equah"; constrained
I, problem
[x]2 — min, s.t. Kx+n =y, 2)

where K e RM*N s a perturbation of K (i.e., if we regard K as an accurate operator, then K is

an approyimation to K which mg contain error or noise), x € .XIXxXa XXX XXX XXX T XX



798 Quantitative Remote Sensing Inversion in Earth Science: Theory and Numerical Treatment

to solve the problem b the SVD, we must impose a priori information. As we have noted,
Tikhonov regularization solves a variation problem b - incorporating a priori information into
the solution. In this section, we consider another wg of incorporating a priori information to
the solution. ¢ e idea is quite simple: instead o1V ltéring the small singular values b replacing
the small singular values with small positive numbers, we just make a truncation of the sum-
mation, i.e., the terms containing small singular values are replaced b zeroes. In this wg , we
obtain a regularized solution of the least squares problem (2 ) of mlmmal norm

X ijol (ufya)vi (29)

and min |[Kx— ya|3 = Yicptio |uiTyn|2. We wish to eyamine the truncated singular value
decomposition more. Note that in practice, K mg not be eyact] rank del cient, but instead be
numerical]l rank d& cient, i.e., it has one or more small but ndnzero singular values such that
ps < rank(K).Here, ps refers to the numerical d-rank of a matriy, see, e.g., Wang et al. (2?6b)
for details. It is clear from Eq. 29 that the small singular values inevitabl give rise to di «#ilties.
¢ regularization technique for SVD means some of the small singular values are truncated
when in computation, and is hence is called the NTSVD. Now assume that K is corrupted b
the error matrix Bj. foen, we replace K b a matrix K that is close to K and mathematical]
rank d& cient. Our choice of K, is obtained b replacing the small nonzero singular values
Op+1> Ops2s - .. With exact zeros, ie., ‘

p -
Kp= > oiuivi (19)

where p is usualvl chosen as ps. We call ( 30) the NTSVD of K. Now, we use ( 30) as the linear
kernel to comptite the least squares solutions. Actual] , we solve the problem miny |Kpx—y|2,
and obtain the approximate solution x'**" of the mihimal-norm

P-1
T
xPP = Z o (Ui Yn) Vi, (3H

where K& denotes the Moore Penrose generalized inverse.

Let us explain in more details the NTSVD for the underdetermined linear § stem. In
this case, the number of independent variables is more than the number of observations, i.e.,
M < N. Assume that the d-rank of K is p < min{M,N}. It is eag to augment K to be an
N x N square matriy Kayy b padding zeros underneath its M nonzero rows. Similar] , we
can augment the right- hand side vector y, with zeros. g e singular decomposition of K can
be rewritten as Kayy = U ‘\/ where U = [UiUs ... UN]NxNA V = [ViVa ..., Vn]Nxn and

= diag(01,02,...,0p,0,... O) From this decomposition, we':i nd that there are N — p the-
oretical zero singular values of the diagonal matriy “. ¢ ,ese N — p zero singular values will
inevitab] induce high numerical instabilif .

By esian statistics provides a conceptual] simple process for updating uncertainf in the light
of evidence. Initial beliefs about some urknown quantif are representedb a prior distribution.
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Information in the data is expressed b - the likelihood function L (x[y). € @ prior distribution
p(x) and the likelihood function are then combined to obtain the posterior distribution for the
quantif of interest. e posterior distribution expresses our revised uncertainf in light of the
data, in other words, an organized appraisal in the consideration of previous experience.

e role of By esian statistics is vey  similar to the role of regularization. Now, we establish
the relationship between the By esian estimation and the regularization. A continuous random
vector x is said to have a Gaussmn distribution if its joint probablh‘} distribution function has
the form

Px(x: 1, C) = exp(—E(X—H)TC_'(X—H))’ (2)

VA (ZH)Ndet(C)
where x, g ¢ RN, C is an n-b -n § mmetric positive d'ei nite matrix, and det(-) denotes the
matrix determinant. ¢ . meah is given b E(x) = Y and the covariance matrix is cov(x) = C.
Suppose y = Kx + n is a Gaussian distribution with mean Kx and covariance C,, where C,
is the noise covariance of the observation noise and model inaccurag . ¢ en 13 (32) we obtain

P(yIx) = exp (5 (- K9G (y - Kx) ). (39

1
V2 Mdet(C,)

From (32), the prior probabili‘} distribution is given b p(x) = M

V@OV det(Cy) " ¥
statistical inference and the above two equations, we obtain an a posteriori log likelihood
function

B% esian

L(xly) =log p(xiy) = =3 (y - Kx)"C3'(y = Kx) - 5x'CF'x + , ()

where { is constant with respect to x. ¢ mayimum a posteriori estimation is obtained b
magximizing ( g) with respect to x,

- (KTc;'K + c;‘)_l K'C.'y. (35)

¢ casiest w§ of choosing C,, and Cy is b letting Cn = 02lm, Cx = 071y, and then (35)
becomes

x:(KTK+EIM)_ Ky, (36)

where & = o} / o2, which is the noise-to-signal ratio. It is clear that the solution obtained
b maximum a posteriori estimation has the same form as the solution of the Tikhonov
fregularization.

4 Optimization

It deserves attention that the ill-posedness is the intrinsic feature of the inverse problems. Unless
some additional information/knowledge such as monotonieif , smoothness, boundedness or
the error bound of the raw data are imposed, the diAGﬂ‘;‘ is hard] to be solved. Gener-
all speaking, the kernel-driven BRDF model is semiempirical, the retrieved parameters x are
niost] considered as a kind of weight function though it is a function of leaf area index (LAI),
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421 Newton-Type Methods

e conventional Tikhonov regularization method is equivalent to constrained |, minimization
problem

min [|x[2, st Kx=y. (1)
X
P reduces to solve an unconstrained optimization problem
1 a
x = argmin J*(x), 1%(x) = 7| Kx-y|3 + Euxuﬁ. (2)

e gradient and Hessian of J%(x) are given b grad [J%(x)] = (K"K + al)"'x - K"y and
Hessx[1%(x)] = KTK+al, respective] . Hence dt the K-th iterative step, the gradient and Hessian
of 1% (x) can be expressed as grad [1"] and Hessk[J%], which are evaluated b grad, [I%(xx)]
and Hessy, [1%(xx)] respective] . ‘

Newton-{ pe methods are based on Gauss Newton method and its various variations. We
on] supp] the algorithm for Gauss Newton method in this subsection. g e Gauss Newton
méthod i$ an extension of Newton method in one-dimensional space to higher dimensional
space. g ¢ iteration formula reads as

X4 = Xy — Tk(Hessk[Ju])_'gradk[Ju], (a )

where Ty, a damping parameter, that can be solved b line search technique, is used to control
the direction (Hessx[J%]) 'grad, [J%]. One ma also app] a more popular technique, called
the trust region technique, to control the dire¢tion (Hessy[J%]) 'grad, [J%] within a reliable
generalized ball in evey iteration (see Wang and Yuan 2005; Wang 200 ). We recall that the
inverse of Hessy[J°] should be avoided for saving the amount of computation. Instead, linear
algebraic decomposition methods can be applied to solve (Hessy[1°]) 'grad, [J%].

ere are d¥f erent variations of the Gauss Newton method, which are based on the approx-
imation of the explicit Hessian matrix Hessx[J], e.g., DFP, BFGS, L-BFGS, and trust region
methods. For these extensions to well-posed and ill-posed problems, please refer to Kell
(1999), Yuan (199 3), Nocedal (19 0), Dennis and Schnable (19 3), Wang and Yuan (2005), Yuan
(1994), and Wang (200 ) for details. We mention briel;‘ a global convergence method, the trust
region method. ¢ e method solves an unconstrainéd non-quadratic minimization problem
mingegod '(x). For the problem (2), the trust region method requires solving a trust region
subproblem

min¥ (s) := (grad,[1"],5) + %(HessX[Jq]S,s), st. 5] < A, ()

where A > 0 is the trust region radius. In each step, a trial step S is computed and decided
whether it is acceptable or not. g e decision rule is based on the ratio p between the actual
reduction in the objective functional and the predicted reduction in the approgimate model.
And the trust region iterative step remains unchanged if p < 0, where p = :::gg; ,and Ared(x)
and Pred(x) are d'g nedb J9(x)=3%(x+s) and ¥ (0)-7¥ (s), respective] . For the model in (42),
since itis in a quadratic férm, the ratio pisalwg sequalto . s means the trial step , no matter
itis good or not, will be alwg s accepted. We note that the approyimate accurag is characterized

b thediscrepang between the observation and the true data; therefore varidtions of the norm
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of the discrepang mg rel.'act the degree of approgimation. Based on these considerations, we
propose to accept or teject the trial step Sy at the kthstep b the ratio

O = 1% (x¢41) _ 3%(xy + s)
KT I (xy) 39 (xy)

where J%(x,1) and J%(x ) are the reductions in norm of the discrepang at (k+1)-thand k-th
steps, respective] . For the convergence and regularizing properties, we refer to Wang (200 )
and Wang and Ma (2009) for details.

422 Gradient-Type Methods

e gradient method does not need the Hessian information. For the linear Iaperator equa-
tion Kx = y, where K, x and y are with the same meaning as before, we X rst recall the
well—knownl‘yxed point iteration method in standard mathematical textbook: théﬁ yed point
iteration formula for solving the above linear operator equation is as

X = X+ T(Y - Kxy), (#i5)

where T € (0,2/[K]) and K is linear, bounded and nonnegative. One mg readi] see that
this method is vey similar to the method of successive-approyimations, where a vey simple
wa to introduce the method is the following. Consider the operator T(x) = x + T(y - Kx),
where T is t}'lé so—callg% relayation parameter. A solution of the linear operator equation is
equivalent toN nding a\ 3ed point of the operatot T, i.e., solve for x from x = T (x). Assuming
that T is a contraction mapping, then b  the method of successive approgimations, we obtain
the following iterative scheme xy . = T'(xk), i.e., iterative formula («5). < method converges
ifand on] if Kx =y has a solution.

Now'we introducea vey simple gradient method, the steepest descent method, the iteration
formula reads as ‘

X = X + T - KT (y = Kxy), (6)

where Ty is obtained b line search, i, Ty = argming_ qJ(xx — Tgrad, [J]). If we restrict
stepsize Tk to be'al yed in (0,2/|K"K]|), then the steepest descent method reduces to the
famous Landweber Fridman iteration method. More extensions include nonmonotone gradi-
ent method, truncated conjugate gradient method with trust region techniques and df erent
applications in applied science and can be found in, e.g., Brakhage (1% ), Wang and Yuan
(2002), Wang (200 ), Fletcher et al. (2001), Barzilai and Borwein (1%¢), and Wang and Ma
(200 ).

Final] we want to mention that for underdetermined ill-posed problems, regularization
constraints or a priori constraints should be incorporated into the minimization model then
wemg app] the aforementioned gradient methods. Application eyamples on aerosol particle
size distribution function retrieval problems and nonmonotone gradient method are include in
Wang (2009).



Quantitative Remote Sensing Inversion in Earth Science: Theory and Numerical Treatment

803

5 Practical Applications

5.1.1 Inversion by NTSVD

Consider the linear combination of three kernels Kgeo, Kyo1 and the isotropic kernel
fiso + fgeokgec(th tv, ¢) + 1:volkvol(tia tv, ¢) = i’

for each observation. Considering the smoothing technique in I, space, we solve the following
constrained optimization problem

min H [fis()a fge()a fvol]T”2x s.t. fiso + fgeo kgec + fvolkvol =T. (‘1 )

Let us just consider an extreme example for kernel-based BRDF model: i.e., Iif on] asingle
observation is available at one time, then it is clear that the above equation has il‘ nite] man
solutions. If we denote K = [U Kgeo (tis tv, ®)  Kyor(tis tv, §)Juss, then the singular décompo-
sition of the zero augmented matrix Kaug leads to Kaug = Uy "33V, with U = [Un Uz U],
> diag(01,02,04), V = [Vi V2 V], where each Ui, Vi, | = 1,2, 3 are the 3-h -1 colurrllns.
Our a priori information is based on searching for a minimal norm solution within the irN -

a a a T - a
nite set of solutions, i.e., the solution f* = [fi’;), foeos fv*ol] sati's es figo + foeoKgeo (tis tu, ©) +

a

foo Kyl (ti, tv, §) = T and at the same time | f | — minimum.

5.1.2 Tikhonov Regularized Solution

Denote b M the number of measurements in the kernel-based models. oen the operator
equation’ (12) can be rewritten in the following matrix-vector form

Kx =y, )
U Kgeo(1)  kyar(1) f. n
where K = l kgeci(z) kvo{(z) , X= f::) > Y= r~2
U Kgeo(M)  Keat(M) Fro fu

In which, Kgeo(K) and Kyo(K) represent the values of kernel functions Kgeo(ti,tv, ) and
Kol (ti, tv, §) corresponding to the K-th measurement for k = 1,2,..; r represents the k-th
observation for k = 1,2,. ...

B Tikhonov Regularization, we solve for a regularized solution x" from minimizing the
functional

1 1
J(x,a) = 5 |Kx—y|* + ~a|Dx|*. (9)

Choices of the parameter o and the scale operator D are discussed in © Sect. 3.3

5.1.3 Land Surface Parameter Retrieval Results

We use the combindgion of Rossg ick kernel and LiTransit kernel in the numerical tests. In
practice, the coe «#ent matrix K cannot be determined accurate] ,and a perturbed version K is
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obtained instead. Also instead of the true measurementy, the observed measurementy, = y+n
is the addition of the true measurementy and the ‘néri n, which for simplicif is assumed to be
additive Gaussian random noise. herefore it su«#s to solve the following’ operator equation
with perturbation

Kx = yn,

where K := K + 3B for some perturbation matrix B and 8 denotes the noise level (upper bound)
of n in (0,1). In our numerical simulation, we assume that B is a Gaussian random matrix, and
also that |yn —y| < 8 < [lya]- ¢ above assumption about the noise can be interpreted as
that the signal-to-noise ratio (SNR) should be greater than . We make such an assumption
as we believe that observations (BRDF) are not trustable otherwise. It is clear that (&€) is an
underdetermined 3 stem if M < 2 and an overdetermined § stem if M > 3 Note that for
satellite remote sensing, because of the restrictions in view and illumination geometries, K'K -
needs not have bounded inverse (see Wang et al. 200 a; Wang et al. 200¢; Verstraete et a -‘l 1996;
Li et al. 2001). We believe that the proposed regularization method can be emplo ed to¥ nd an

approyimate solution X’L sat;g es H Kf = ¥Ya| —> min.

We use atmosphericall ~corrected moderate resolution imaging spectroradiometer
(MODIS) B product acquired on a single da as an example of single observation BRDF at
certain viewing direction. Each pixel has dff efent view zenith angle and relative azimuth angle.
e data MOD@21KM.A20011 35-150 with horizontal tile number (26) and vertical tile number
(#) were measured covers Shuyy i counf of Beijing, China. e three parameters are retrieved
b using this 1B product. @ Figure a plots ther &ce for band tof a certaindg DOY=13.
In MODIS AMBRALS a%i)rlthm when insu «#ent re ®ctances or a poor] represéntative sam-
pling of high quah‘} ctances are available for a full inversion, a database of archef pal
BRDF parameters is used to supplement the data and a magnitude inversion is performed (see
Verstraete et al. 1996; Strahler et al. 1999). We note that the standard MODIS AMBRALS algo-
rithm cannot work for such an extreme case, even for MODIS magnitude inversion since it is
hard to obtain seasonal data associated with a ¢ namic land cover in a particular site. But our
method still works for such an eytreme case bécause that smoothness constraint is implanted
into the model alreag} . We plot the white-slé albedos (WSAs) retrieved li.) NTSVD, Tikhonov
regularization and sparse inversion for band | of one observation (DOY=13 )%a © Fig. b-d,
respective] . From © Fig. b-—d, we see that the albedo retrieved from 1nsu4ent observations
can generate the general pr.a le. We observe that most of the details are preserved though the
results are not perfect. ¢ e results are similar to the one from NTSVD method developed in
Wang et al. (200 a). Hence, we conclude that these developed methods can be considered use-
ful methods for retrieval of land surface parameters and for computing land surface albedos.

us these developed algorithms can be considered as supplement algorithms for the robust
estimation of the land surface BRDF/albedos.

We want to emphasgge that our method can generate smoothing data for helping retrieval of
parameters once su<#ent observations are unavailable. As we have pointed out in Wang et al.
(200 2, 2009), we do not suggest discarding the useful histoy  information (e.g., data that is
not too old) and the multiangular data. Instead, we should ful] emplg such information if it
is available. ¢ ,eke towh ouralgorithm outperforms previous algorithms is because that our
algorithm is adaphve accurate and vey stable, which solves kernel-based BRDF model of ap
order, which mg be a supplement for BRDEF/albedo retrieval product.
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O Fig.2

(a) Reflectance for band 1 of MOD021KM.A2001137; (b) white-sky albedo retrieved by Tikhonov reg-
ularization method; (c) white-sky albedo retrieved by NTSVD method; and (d) WSA retrieved by
I sparse regularization method

For the remote sensor MODIS, which can generate a product b using 16 dg s df erent
observations data, this is not a strict restriction for MODIS, since it dims at global ‘exploration.
For other sensors, the period for their detection of the same area will be longer than 20 da s or
molri. herefore, for vegetation in the growing season, the re"'zctance and albedos will change
signN cant] . Hence robust algorithms to estimate BRDF and albedos in such cases are high]
desired. Our algorithm is a proper choice, since it can generate retrieval results which quite
approyimate the true values of df erent vegetation § pe ofland surfaces b capturing just one
time of observation. ‘ ‘

Moreover, for some sensors with high spatial resolution, the quasi multiangular data are
impossible to obtain. g is is wh there are not high resolution albedo products. But with our
algorithm, we can achieve the results. ¢ is is urgent] needed in real applications.

eana] tical representation of the transmitted laser pulse and the true cross-sections given b
third-otder spline functions. For example, we generate the § nthetic laser pulse function fip(x)
within the interval [2, 3] b the formula fip(X) = — 325 + 206.25x% — $56.25x + 28 5. PEC
ana] tical representation of the cross-section function ges(X) within the interval [3/8,1/2] is
b the formula es(X) =8x3 —10x% + X + %.
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e recorded waveform function hyt(X) (i.e., data) is calculated 13 a convolution of the
splines representing the transmitted laser pulse (fi,(X)) and the cross-section (ges(X)) so that

Ny (X) = fip(X) * ges(X).

Note that h represents the observation that means df erent kinds of noise mg  be also
recorded besides the true signal. Here we on] consider a simple case, i.e., we assume that the
noise is main] additive Gaussian noise in [;1],i.e., hyr = hiif* + 8- rand (size (hyif€)), where
d > 0 is the noise level, rand (size (hwf )) is the Gaussian random noise with the same size
as h'f. In our simulation, the Gaussian random noise is generated with mean equaling ® and
standard deviation equaling 2.

We app] Tikhonov regularization algorithm (see @ Sect. 3.3) to recover the cross-
section and make a comparison. PR nthetic laser pulse sampled with 'ns resolution is
shown in © Fig. a. Comparisons of the undistorted cross-sections with the_recovered

true

cross-sections are illustrated in © Fig. b. It is apparent that our algorithm can'i nd stable
recoveries to the simulated § nthetic cross-sections. We do not list the plot of the com-
parison results for small noise levels since the algorithm,_ields perfect reconstructions. We
also tested the applicabilif of the regularization method to LMS-Q560 data (RIEGL LMS-
Q560 (www.riegl.co.at)). g e emitted laser scanner sensor pulse is shown in © Fig. c. P
recorded waveform of theﬁ' rst echo of this pulse is shown in © Fig. d (dotted line). 4 e
retrieved backscatter cross-section using regularization method is shown in © Fig. a. e
solid line in @ Fig. d shows the reconstructed signal derived b the convolution of the
emitted laser pulse and this cross-section. One mg see from © Fig. a


www.riegl.co.at
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where Q(n) = (Dn,n), where D is a preassigned scale matriy.

In Phillips Twomg ’s formulation of regularization, the choice of the scale matrlx is vital.

e chose the form of the matrix Db the norm of the second d¥ erences, YN (niso-2ni +

N ) , which corresponds to the form of matrix D = D,. However, the matrix D is bad} condi-
tioned. For eyample, with N = 200, the largest singular value is 15.99¢ 012. P smallest singular
value is 64955 1 x 107" . ﬁis indicates that the condition number of the matrix D ned b
the ratio of the largest singular value to the smallest singular value equals 2462911 x 10" , Whlch
is worse. Hence, for small singular values of the discrete kernel matrix K, the scale matrij
cannot have themVN Itered even with large Lagrangian multiplier |. g is numerical diAGil“'[
encourages us to stug a more robust scale matrix D, which is formulated as follows.

We consider the Tikhonov regularization in Sobolev W"? space as is mentioned in
© Sect. 3.31. B variational process, we solve a regularized linear § stem of equations

K'Kn+oHn-K'd=e, (52)

where H is a triangular matrix in the form of D:. For choice of the regularization parameter, We
consider the a posteriori approach mentioned in @ 3.3.2. Suppose we are interested in the par-
ticle size in the interval [0.14] um, the step size is hy = N%' Now choosing the discrete nodes
N = 200, the largest singular value of H is .8414€ 21 650106 x 16“ b double machine preci-
sion, and the smallest singular value of H is 0.99999999999953b double machine precision.
Compared to the scale matrix D of Phillips Twomg ’s regularization, the condition number of
H is LO1if 21 6501554 x 8%, which is better than D in\ Itering small singular values of the
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where Yn(2) = /T, 1(2),&n(2) = /T ‘]n+ (z)-i HZNn+ (2)s Jn+ (z) and Nn+ (2)
are the ( ) th orderﬁ rst kind Bessel functlon a:?econd kmd Bessel functlon (Neumann
function), respectlvel foese complex-valued coe ts, functions of the refractive indég-n,
zZ= ZT and nz prov1de the full solution to the scattering problem. PUT the extinction e «#eng

factor (kernel function) can be written as
2 oo
Qe_xt(r, )\,n) = Z—ZZ(ZI’I+1)Real(an +bn). (5‘9)
n=1

e size distribution function Nirye(r) = 1051 exp(—1072r™?) is used to generate § n-
thetic data. ¢ e particle size radius interval of interest is [0.,2] pm. 18 aerosol particle’size
distribution function can be written as Nirue(r) = h(r)f(r), where h(r) is a rapid] vay ing
function of r, while f(r) is more slow] vay ing. Since most measurements of the’continen-
tal aerosol particle size distribution reveal that these functions follow a Junge distribution
(Junge 1955), h(r) = r~ "+ where v* is a shaping constant with § pical values in the range
2.0 4.0, therefore it is reasonable to use h(r) of ]unge t pe as the welghtmg factor to f(r).In
this work, we choose V* = 3and f(r) = 10.5r'/2 exp(—10~2r2). . e form of this size distribu-
tion function is similar to I;e one given b Twomg (19 5), where arapid] changing function
h(r) = Cr™* can be identN ed, but it is ‘more siniilar to a Junge distribution for r > 0.1 ym.
One can also generate other particle number size distributions and compare the reconstruction
with the input. In the.f rst place, the complex refractive index n is assumed to be L5 — 0.00i
and .50 — 0.0, respective] . ¢ ,en we invert the same data, supposing 1| has an imaginay part.
e complex refractive index 1 is assumed to be 145 — 0.0 3i and 1.50 — 0.02i, respective] . e
precision of the approyimation is characterized Q the root mean-square error (rmse)

rmse = \} Z (Tcomp()\i) - Tmeas()\i))z i (59)

i (Teomp (Ai))?

which describes the average relative deviation of the retrieved signals from the true signals.
In which, Tcomp refers to the retrieved signals, Tieas refers to the measured signals. Numerical
illustrations are plotted in @ Fig. b with noise level 3 = 0.5 for d¥ erent refractive indices,
respective] . ¢ e behavior of regularization parameter is plotted in @ Fig. a. ¢ Tmses for
each case ‘are shown in © Table .

6 Conclusion

In this chapter, we stud the regularization and optimization methods for solving the inverse
problems in geosciencé and quantitative remote] sensing. ¢ ree pical kernel-based problems
are introduced, including computation of numbBer of aerosol particle size distribution function,
estimation of land surface biomass parameter and backscatter cross-section. ¢ ese problems
are formulated in functional space b introducing the operator equations of thi‘ rst klnd
mathematical models and solution' methods in | and |, spaces are considered. ¢ e regular—
ization strategies and optimization solution techniques are full described. ¢ e equivalence
between the Tikhonov regularization and Bg esian statistical iriference for solving geoscience
inverse problems is established. ¢ e general fegularization model in lp lq (for p, g > @) spaces,
which can be convex or non-convey, are introduced. Numerical simulations for these problems
are performed and illustrated.
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Iterative computational values of regularization parameters when the error level § = 0.05 (a); input
and retrieved results with our inversion method in the case of error level § = 0.05 and different
complex refractive indices (b)

B Table1
The rmses for different noise levels

Noise levels n = 1.45 — 0.00i n =1.45-0.03i n =1.50 — 0.02i
d = 0.005 1.6443 x 10~ 1.2587 x 10~> 22773 x 10~
3 =0.01 1.6493 x 10~ 12720 x 10~ 22847 x 10~
d = 0.05 1.6996 x 10~ 13938 x 10~ 2.3504 x 10~
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