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Abstract

The detetm n 1 n eftha creselw e s1e dstry Wen fne wn UsnEthew 1t e pedrln ext nd wncg¥ ton ® n 1lp escd
nte & I'eqd ton efthe firstk nd. Te evercemecthe 11 esedness, re€% ra tentechnglesslesh sphilps Twemey'steEY ra ton,
Tkhenev's smeeth re€Y rn tem s wella s seme tar t ve metheds were develged Hewever, mest efthe | tar tUe foeUses on
tp rev nEthe selvy, 11y efthep req lem wthe't ntredUs n€ seme Ysef a priori nfetm twn, whih reessentil te 11 escd
nversep rq,lems, snee 1 sknewnth t, wa rc efena eedw thl m ted/ nsUfieent ¢ stz tons n remete sens n&. There fore, we
restUdy thsp rq lem. ¢ first fotm 4 te they rq,lem n I @ ea ndselve nenne# t ve constr nedy rq,lem te g4 m  Usef!d
apriori sel " wn, then We Use ths sl U wnte refotim 4 tethep rq lem ni2 @ e ndselva re€Y ricdpre fem. ‘ners I resUts

a re sed onthe remetely sensed 44 bY Unp hetemeter o318 ferpey n& ke reSn of i nx prev nea nd reperfoimedie
shew the'efiieenen nd g sg 11y efthegdres escd 1Zer thms.
© 2007sr1sev 'prL td ]I ri€his reserved.
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1. Introduction

crosel 8 s'pensen ofsm 1l sol dor1qUdg ttides ntha tmeyp here, whishpd ys1 n mp ett nt rele nthe
env fenment snec theya ke 1 nm nyp hyss b nd ehem & 1p resesses (Bohren & HUfjn n, 1983; W ves, 1974;
& ey, 1976; Twemey, 1977). 1t s well knewn th t the ¢ a eter st s oftha cresel g Mide s1e, wheha nye
%rcscntcd 8 sie dstrg Wien f'net wn nthem them t® 1 fofm 15m.3 yn(r).pd y8 n mped ntfelc m feedt ns
the dm te. o, 1 5nceess 1y te determ me the s1e dstrg) Y% on f'net on eftha cresel g tiules. mee the rel ton-
shp b'ctwccygthc s1c of tmeg her i creselg 1 es ndihe w velen&h dggendenee oftheext nd§n secfiernt v s
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first sU8&estedy y “n&tr m (1929), the s1e dsirg Wenyef nteye retreved from ext net snms slrements. Berst,
“n&tr m nferredih tthep a meters of Unge s1e duirg %en co' Gy c 4 ned frem tha ‘cresel et ® 1 thikness
( TatmYtple w velenfiha nd o nedihe Usefi " n&sir memp ral feim% efthe /Un& sie dserWnn,
T ere=fSA ", where g crq sthe T, sthctu% 1dty secfiernta ndo sthe " n&sr m exp erient refic o nétha eresel
stre dstrg U on.

Ther ttend t mny, ya cresels® nye writem 9 n nte S 1'cq¥ twn efthe firstk nd
oo
T ere(4) = /0 Tfercxl (r, A, mn(r) dr + o(4), (D

where r stheg ttea dils; n(r) sthe eolYnn 0 cresel s1e dstry % mn (1., the nYny er ofp 1t idesper Unh 1
per Untax dils ptery | 1 vert s | eol YnnthreUShtha tmeg here); ) sthe complex refr o ve ndx eftha cresel
w tides; 4 s the w velen&h; o(1) s the errer/ne st nd Qcx (r, A, ) stheext net oncfieeney af elor ffom T
theery. ne Ta npe e red fem the me sYements efthe sel r flUx deps ty w th un_P hetemeters, eric & n
rctrnvckh& ste dstrB Yeny, ythe nversenef Tme strementsthreU&htha peveegd t éns. Thtyee efmethed 5
a llcdext net on pedremetry, which snet enly thez 1l estmcthed pply nEremete sens nEte detetim n@ tm ey her i
a cresel s1¢ eh & eterstiesy, 'a Isethe mestm tUre dyyethed seqf 1.
Te everseme the @ssil tons nrecover nSthew rude sie dstrB Y on f'net onn(r), ¥ reYsteshnglesh vepeen
appled e & philps Twemey’s seeond difprenee methed (e hilp s, 1962; Twemey, 1963, 1975), re€% ra twny,y
tring tedsn8Y ra 1% d¢cqnp esien for I® R 44 (Beskm nn, 2001),l ne n ndnenl nie r ter t ve te shp g Yes

( b hne, 1970;Ke1r 1B ssni1&p # nm{'995;. Ynme &R hel , 1994; Twemey, 1975;2a @ mete & T a k , 1969),
Tkhenev’s smeethre €4 ra ton( L Y
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efremete sensnE4la . necthe o-318a nenly shply foln cresel b nuels, enly folr g, scrv tons re g/ ned,
whisha re nsUffieent %r the reirea | efthe g ttide sie dstrB Yen f'net on n(r)py selv n&rg. (1). There fote,
nYners 1 diffieYity ocelrs.

3. Problem formulation

The Eener 1 fofm % ten ef nversen sehemes UsnS ot tor theoty n f'netwn 1 9 e 5y, refly deserged nd
1Yt ted nfinte @ e«c.

3.1. Operator equations of the first kind

semmen £ tUre fera 1w e sie dstr‘bul on me sYement systems s th t the rel tenpetween ne seless
o, setx tons ndihe sie dstry %en f'net ena nyeexpresse@ s firstk ndmredholm nter 1eq tn ( Slen &
ox, 1989; hirn& eletev, 1996; Twemey, 1975; \v.uta nea nd& K » 1, 2000; V?/ n& 2007)
b g
/ k(x, y)n(y) dy = o(x), (2)
a

where [a, b] sthe nte& 1 ntery | whish ¢hx eteriesthe Jewen nd Yperimis efthe siex ne of nterests, o(x)
B nerrer-fec g ser¥ Lion, x =lofm ndk(x,y) m weht {'ne on (er mere Eener 11y, the kernel §Unet on) th
¢hx eeriesthe @ ssfis ton, lessest nd dete ot wnp repcrt s ofthe me sUement system.

The q, scra tons fe Usd 1]y cout m n tcdby ne se. Henee, rel 1on (2)ctweenthe ¢, set tono(xn ndthe s1e
dslr‘b Y enn(x) s

b
/ k(x, yn(y) dy + o(x) = o(x) + o(x) = d(x), 3)

where ¢(x) sthe Ynknewn g, setx t encrrer. There jere, the nversep rq lem ste selva petily cdmsedhelm nter |
cqd ton efthe firstk ndte et the s1e dstry % on n(x).
L'ct Usrewrtesrg. (1) nthe fetm eftha |, str o qpexr toreqd tmn

K:F — O,
(Kn)(2) + 0(2) =d(4), 4

whete (Kn)(7) := [ k(r, 2, mn(r) 9r; k(r, 4, ) = 7r? Qexi (r, 2, 1); F denetes the fnet on g ¢ oft ‘crosel sie
dstry %ensa ndO denetes the o sty ton @ e¢. Both/a nd 1 re sonsiderediey e son aple Hijert 9 s, ote
th 17 ere(4) mry. (1) stheme sYredtetma nd t neva bly ndUees ne se/errers. Henee, d(/) ® P'cn“‘j'cdrlghl-h nd
sde. ‘ing @ & tol symy, ol 9. @ a npe writem s

Kn+o=d. (5)

3.2. Discrete formulation in finite spaces

otc th tsrg. (4) ® n nfinte dmensen 1 re,lem w th enlya finte set ostcrav tiens, se | 5 mpre3 ple te
mp lement sUsli systemyp, y comp Yerte &t cont nleUsexp ress on efthe s1e dstry Wonn(r). _sn€ celles ton
S&, n&eh 1.,2006), the nfintep re,lem & nye writen @ finte dmens a1 fotmy, ys mpl ngscm’ttlgrlds{r,-}?’zl n
thé nterw | of nterests [a, b]. -

Denet ngby H = (Hij)pyxn- 1, @ ndd the solTcy endnveders, we b ve

A +g=d. (6)

Ths dserete forim & npe Used for somp Yer sm tons.
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4. Theoretical development
4.1. Solving for an efficient a priori information in 1" space

It 5ds rih twhenthe nlhny,er ofq, sera tions 5 nsUfieent, the nvers en opry. (4) 5 11 esed. The 119 ese driess
eselrs net enly forthe nst, 11y drveny ythe sm 1h 18q,a . ehax dterstis pedring Uh Ise for sheesnd sV le
sol 't isn frem the sel U on sct th 1 sons sts of nfin te sel U ons.

The 11 esedniess ® n nirnse g 1Uec efthe nversep re lem. _gless sema ddien 1 nfetm ten 5 mp esed, sUsh

a smenelenisty, sm.othncss,b o'ndedress or the cITery oUnd th\c}f w ala ,the d]ﬁcllty s h rdt.b’c reselved.

sspontcdot n_are, Y nd a n8(2003)th ta 4 & ef nfetm twnas nnety,e remededyya nym them ts 1
ir ikery. Hewever, we & nletroveiest efthe nfetin tn efthe orin 1pre,lemyy seme k nd ofre€% ra ten.
The r¢€% ra twn ment ened here, ma ns th t the sol % on & nyye je'ndyy red snSthe ori€n 1 prelem w i
well» oscdyp tq,lem. e efthe teshngles sthe mp revement efthe selz y, 11y, y extens on efthe sel 't on w0 ¢c,
whehw 1, ep tesented nthe follew nSp & & p ha nethertechngle sseck n8 neptmicdselt enes & niten |
p fq,lem.

Thep tulesie dstrB U o0 fnet on of cresels ® 1@ ys nenned t ve. There fore, toextendihe sol 't on # e, we
selva n/! nermp re, lem

mullilp  sYjedte #i=d, ii>0. (7
It 5da rih tirg. (7) seqUw lent te
mne'n s%J’cctlo Jfr_i:c_i, n>=0, (8)
whete e m veeer wiln 1] cemp encnts I. Thenthe ot m 1 sel 't wn ofp rq fem (8) = Is@ sel 't on ofjp rqylem (7).
ethe tem nn& sk ste selvesry. (8)cffisently.
X The /' nefin sel W wnmethedsecks # splc sol % enw thnthe g sgle sot
S={i:Afii=d,i>0).

It ® ad ]ly se rehn€ fer n ntererpent wihnthe g syleset S; 1 sa lledthe nter orp o nt methed (Y;c, 1997).
The A | st ndl rd fetm e#ry. (8) 5 nthe form

m xd'z S%JG“t.S=€—¢%T220. 9)

There fore, the ept m 11y sondtens for (77,2, s) tepy@ prm 1 ' selWwntirpleh re

Aii=d, (10)

%‘T2+s=e, (11)

SFe=0, (12)

>0, s>0, (13)
w here

S=i &s1,50,....58), F=6%18&n;,na...,0nN).

The net ten 41 &) denetesthe i Son 1 m tr x whesc enly nen ‘cre comp encnts rethem n @i Sen 11 ne.
The nter nrp o nt methed Eenier tes tex twnp @ nts {7ik, 2k, si} sUshth 17 > @ ndis; > 0. sthe ter tn ndexk
appte ches nfinty, theeqd | ty-constr nt v el twns ||d — #7iglp nd |4 "% + sk — elp ndthe ¥ | ty £p r_i,rs;a re
dryente cre, yeldn& IminSpentthtselvestheprm b nd 4 11 ne rpre lems.
prm | @ metheds ra » @int of ewien’smethed ppl’ndtothc system efeqd tens fofm’cdbythc e@tmlty
condi wnssrgs. (10) (12). €'venthe elrent ter tonp e nt [7ix, 2k, 51’2 ndthe & mp nEp a meter §; € [0, 1], the
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se reh dreet wn [4;, 4z, 4] 5 Sener tedyy solvnEthe] ns 1 system

A0 074 d — Ay
0 A" I || d:z|l=|e—A"Z% -5 |, (14)
Sc 0 F Ay Prie — Sy Fre

where 5, = (l/N)ﬁ,Tsk. hees n&the stgp s1e T tetel nthepestviy eofa ndsa nd stoo t@ riewp ot
Rl =k + i, Tkl o= 2k + Az, Skt1 = Sk + s, (15)

The sel % on 71 dcnotcdby noa 9 napriori nfetm 1en, w1l b Used yythe texr tve reEY ra tonp teccss.
4.2. Damped Gauss—Newton method

Wenet n,y R(n) = A'n — d. we cens derthe fUnet ma 1 n /2 w e

Tl = |RG@)|}. (16)
It 58 sytesccth tthe & dpnb nd Hessun of J[iih re, reped vely, Eveny,y

g =" —d), H=x4"x1. (17)
The & Uss ewtenmethed comp Yes stgp sp =rigy1 — gy Y

m n || RGix) + R Gig)sl?, (18)
whihlz dstethe sl U on

sk=—R'(i) g =—H g, (19)

Ryl =Nk + Sk, (20)

where g, = g(71y).
Inthe & mped & Uss ewten methed nz eh far tema 1me so reh teshngl¥e 5 Ysed te ensVrea deern sed
dred on, 1€.,

se=—7H " g, @n
where 7, 5 a4 nedyy selvnEene-dmens en 1 nenl 1z r @t m a tenp re fem
7 =2 t8mn, ¢()) = J g + psel. (22)

IneYras ¢4 tion, the elf]me se rehteshng Y 5 Ysed(see Pp'cndlx‘l for dat 15).
Hewever, duct.thc;rwnk defieeney effthep rq lem s 119 oscfl nd sqUte diffi¢Utteselve;therefore, reSY ra ton
srcecss ryted eklethe 1l ose driess.

4.3. Regularization by incorporating an efficient a priori information

re8Y riedd mp’cd € Uss ewtenmethedregrste somp ' nd & Uss ewien step Skp Y
sk=—7e(H + o L) g, (23)

where L 8 smeethm trx whiha nye sheseny y Users, o sthere€Y ra tiong a meter. However,thsreSY ra ton
decs net ot 1 ny nfetm e 1, @'t the sel U wn. We eons den na priori nfeta 1 en- mp esedmethed

sk = =7 (H + o L) (gi + o (i — 7o), (24)

where 7ig 5 the se-a lled a priori nfetia t em pe't the sel 't on 7. The eonverfenee theerya ndmetheds hn vepeen
thereUShly mvest # tedyy B kUshnskyn nd €eneh rsky (1994).



890 Y. Wang et al. / Aerosol Science 38 (2007) 885—-901
4.4. Aerosol particle size distribution function retrieval

Te retrpve ther ‘cresel g 1 ide s1e dstrg Wion f'net n n(r), we necdte selvesrys. (7n nd (24) forthe T t
diferent w velenfihs. @ re nterested nithew e sie nthe ntery 1 [0.1, 10]pm. o rse dijerenee &ddpg
(N <20) ndYeesi rgc\%‘ dr tUre errers; there fore, we sheesa rel tvelyd ré differenee &ddn& N = 200.

Tepcrfoim the nYners | comp % tion, wea pply the teehnqUe develgped n K n& Byrme, Hetm na ndRe £ n
(1978),th t 5, wa ss'meth ttha o h creselp Mulesic dgtry Y% ien fnet on sens sts efthemUtpl & t mn oftwe
fUnet ons 2(rp nd f(f) : n(r) =h(r) f(r), where h(r) m Ty 1(?y ¥ tyn€ fne wn of 7, whie f(r) smete slewly
¥ tyn&Inthsw yweh ve

b
Tere(4) = f (k(r, 2, ()1 f (r) dr, (25)

where k(r, A, 1) = mr? Qexi(r, 4, A ndk(r, A, mMh(r) sthe new kernel §'net on seltcy ondnli@ new @cr lof 5
(Ef)1) =5 ere(A). (26)

The dgeretn ton of = 8 £ n dcnotcdbylhcna irx A
cleet on ofthe reEY ro tong & meter o ® I1sé m jor ssYe nnlYmers | comp % tion. Intheery, o a n ne ther
peYeed rf nerpcteesn 1. 4 réroyelda wellp esedp rq lomy, U the sol Wien 52 0 w y frem the trli x | Y.
hers s sm ller oy elda etten pprexm tny % wihd r& nsty 11es. Thereforea tr de-offm Ustyc foUndte
4 necthe 11p esedn tUre ofthe dserctern trx 7. Thera retwetypes of & meter sele o mnmethedsa n a priori
w y n9 naposteriori & y. Bat a priori she wc efthe reEY ra t eng a meter, x shedy ¢ 1 m tedte w thn (0, 1).
nec thecirer of nesclevel 6 snek 1w ystepeestm ted, we w 1] neh pply the a posteriorite shn g Ye dnvclq’cd n
sa] n€et 1. (2006).Inste d, we cheese the re€4 ra tong & meter o @ Semetrem nner:

o = - 1, 27)
where 0 € (0,1) wheha npep rev 1dcdbythc User, forea mple, up =0.1; & € (0, 1) sthea ster ofip rep ot 8 | Ly
a ndk sthe kth ter ton. It sqUtcn 1Y% 1 te UYsethsg & meter sclet wn e, snee ntheery, ox sheld pp e ¢h cre

a sk pp e shes nfinty.
The smeethm trx L 5 sheserm 8 tain8Y rm trx nthe fom

(14 ! 0 0 |
2 R
Loy 2 0
2 2
L=| - | (28)
0 L2 :
2 2 R
1 ]
0 0 -5 14

whete i, sthe stgp s1¢ efthe & ds n[a, b], whsha nb'c'cquldst o wh,=bB—a)/(N—1), e difperent 4, s

¥ niple on dptve. Thsm trx s shewntepeefed ve nsty 11 nfesell tions efthe sel ' mn <V§1/ n&eh 1., 2006).
Kot the sol % on efthe | nz rm trx-vedercgd t mnsry. (24), we Use the  helesky decomp os' en mecthed. Thx

methed 5 st ple for findn& sel% n frena symmetr ¢ defin te system w th sm Iler somp 4 ten | cest 0(%N3).

5. Numerical experiments
5.1. Theoretical simulation

Te veriy the g sy 11y efe'r nvers enmethed, we b vetested 1y comp %ersm' tens. The sm' tien cons sts
oftwestg s.Borsta smY tedext netwnsiEa 1 (xp WsiEa 1) 5 Sener tedyy comp ten scordnSiery. (3) jon Even
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ﬂ"bl’c 1
The reet mz n-sq¥|recrrers for different ne se level s
e sclevels 1 = 1.45 —(0.00i n=1.45—-10.03 n=1.50 — 0.02i
6 =0.005 1.6443 x 1p~* 1.2587 x 10~ 22773 x 107+
5=0.01 1.6493 x 1p~* 1.2720 x 1074 2.2847 x 1074
4=0.05 1.6996 x 1p~—* 1.3938 x 10~ 2.3504 x 107+
H"bl'c 2
The texr tien step s fior findn€a priori nfeta ten|n diferent a ses
o 5c levels 7 =1.45 —[0.00i n=1.45—10.03 7 =1.50—0.02i
5 =0.005 17 13 16
4=0.01 17 13 16
5=0.05 17 13 16
101 T T T T T T
100
10"
102
10_3 |0 5 |0 " |O L L L
100 100 1005 1003 10701 1001




894 Y. Wang et al. / Aerosol Science 38 (2007) 885—-901

Air mass
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K75 5. Tha rm ss titem tles | tme fom dqyer171e  dqyer31,2005.

the o318 fem g cr 17te iq er3l, 2005 ThemetcoreloSm 1 84 w sprovided ythe nET n SrwYtlr]
sreoloSn ] 4 tion of srR ( hmnesescosystem Rese reh ctwerk), whiehyclenSstethe a X_] néinsttte of ol
senee .ftgw hnese a demy of ernees. é

nly the & ys  dq er 17 20, 24§ 26, 27a nd 31 were Used jora ‘cresel nversen. Thew tue sie nthea n

[0.1, 10] pm s'¢a m ned. The 4 ys,  aqyer 17 20, were o2 n4 yswthsUnshne. Tha ver & wndgpecdu slew,

a ndthe her1ent 1 vy 1tyw shifh. n daeyer24 30,the we ther condt ensx red freq Yently. B enthese 4l ys,

snee the Unp hetemeter o~ 318a ntr e the slUm ndrecerdihe di&q | nqrbtrs (W s), wa Ise shesethe T of
these 4 ygtorﬁ ke nvers en.

Ther fm sshstery fem eeer171e dq er3] spletted nE:E 5.1t 5 shewnth ttha rm ss ddnet ¢h n
teem Vst t1ea 1t me n different 4 ya nd tthe t me frem 8:00 nthe mern nSte 16:00 ntha ferneen,p, ' ¥ rpd
ap dy frem 16:001e 17:00. ¢ a 1¢4 tedihe T t dijperent w velen&hs 4 (um), YsnEthe #a me sUred nihe

a ferneen en g er 17 20,\54, 26, 2% nd31. Theplets ofthe  Tax nitens wth re® rdigthe w velen&h 1 en
these ¢ 15ht 4l ys re 1] Ystr ted nl;clg. 6. The slees ofthe Ty titem fe sma LIt deeta seswihthe nee s of
the w velen&hwrv dently, the  Ta n eb n&a t diferent tmes off 4 y. Themn &n1Udes nithese &phs nds te
th ttha 1 5 Shilyp ell %ed

The o m tc of n n stre #1/s tree 8 12 ndthe w nd system nfl%neesd r& o m 1. reSons ndreverses
dredtwn so sen IIy. The Sre'nd efthe n@ n St lareeloSn | 4 ten 5smestly conp oscd ofred sel, se
thea tmegp herie frric ox e, ren hyer( Gea nd g4 §Ur d? osiens c.ngﬁ 1%e the semm en @ Y tes. Exem the
metcoreloSs | #l4 ntheperwd dqer17 31, wa sstneth tihe comp osten eftha tmey her e cresels sens sts
oi, oth sm la ndd ré g tiudes. Beththe s ttern ndiy sefton efthey nidespd ya m jerp 1. There jorea
somplex ref e ve ndex ¥ 1% of 7 =1.50 — 0.095; w s Usedteperform the nversn. _ere det tedexpd a ton
& npye fo'nd n U (1963), ¢ ndsel ndven Heynn&n-Hl%n (1994)a ndRz # n, B}M;c, Kn& p nhroea nd
Hetma n (1980). In the nYmer &' 1 exper ments, we shese the nhul ¥ 1% oy efthe re€Y ra tong agm'ctc!a s 0.1.
Then, s ehoy w s ter tvely s 164 tedyythe ter ton feim% Even n cd wn4.4. csordnSigthe re€Y ra ton
theery (Tkhenev & rsenm, 1977; aieet 1., 2003), when the cemp “tc\bd sol W orn pp e shesthe trie sol % on, the
reSY ra teng & meters she & PP)QD shthe @t m'm x 1Y% o, whih shell db'ca sUfieently sm 11 nunb'cr. Uy
‘experments Isereve 1 thsay of. Thew a meters Ok 1y € some sUfieently sm 1l (ne 1y crep fer sYseessil ter tons
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nevery ms sUement. By o' 1 Ser thns, the retrex | resYts efthe n'tnyer ef sie dstry Wen fU'ne n n(r) on
dqerl7 3h repleticd nE-iE 7 jorthe chesen 44 ntha ferneen. The fiSlte nds testh ttha cresel g 1 wies
donet deerr seap dy.Inm 11 efthe scleeteddl ys, thera re sever | eseil tions efthep 1t ute s1e dstry % on fUnet on
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ne rthex dlls 1.0pum. Ysidethe reCion cort nn€1.0 um, they eh n& smeoethly. Kar 11 Ystr t n efthe netm 11¢d
a priori dSIfB Y on 710, see B 8 for det 1s. The n‘hb'cr of 1er Lion step s te et np 5 11. Efem olr exper ments
a ndtheles 1'env renment g, setx tion, we send Ude th ttha creselp 1 ule s1e dstrg W ien onn% nety sm nly
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a ndsUE&st ns for mp rev nEthe qd' 1 1y efthep per. _cth nkprefsser b nEehUna nE jor sUEst wnste condle
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of ol scnem tthe hnest a demny eof ernees. ‘@ lse th nk prefessers UBrn& )ﬁd,al§shcng, n efthe
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Appendix A. Conception of regularization

e3 W n cden3th b creselp e sie dstry Wien f'ne wn nvers np re,lem & nyc jorm % ted s qper tor
'cqyt ons of'},‘c fofm

Kn=o, (.1

where K m 1 no r comp o qper toryctween Hiert 9 ees o nd 0.
e ra tenstrtely m Fmly ofl e 0 ndy e'nded gpar ters

nm*:0—F, o>0, (2
sUshth t
II"Kn=n tfeullnekF, ( .3)

1¢., the gp'et tofs I*K c.nvcrgcp o ntw xe tothe dent 1y.
Refrie oUrmethed the IT* 5 defined s

n* = (K*K +aL)"'K*, (4

where L m pte ss Ehed @cr tef, K* stha q.nt e ter of K, o € (0, 1).

Appendix B. Conception of a priori information

Bymnm1 né
SIKn —ol® + ol L' n|? (8.-1)
we Q)A n
n* = IT%0. (B.2)
L'ct Us considen difierent fotm efthem nm & twnp re lem
m n{3|Kn — o|* + 2Q(n — ng) : n € F}, (B.3)

where no sthe tui]l sel Y on, «>0 sthe re€Y ra tiong a meten ndQ sthe st pl1 nE f'neton 1.
The a priori nfeta t sn/knewledS refers te hew te sheese the st blt nE f'ne en 1 @ ndihe ta1] sel % on 70,
whih s n nfefm ten (er resir et nsk , o smeethness oft  sel ™ wm nd Eve reSY ra twm 18rthm whih
a pprexm tethe netin 1 sel 't on efry. ( .1).
The a priori nfetm ten 5qUtc mp ot nt jor 4 nnd style selem nd eecler t nSthe sonverfeneea tc of
tha ] Serthm.
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Refr te o' methed, the a priori s: (1) sheesné nopYy selv n& n!/! nefim p re,lem n /! W ec; (2n pply né
1e€Y ra twm 18rthm ni’ @ .

Appendix C. Computing an a priori by searching for an interior point solution

The a priori nths sed wn referste sheesnEnopy selvné n!! netmp re lem nl' @ .
The 18t thm dcscr@)'cd n cdend.l m peala scofthe sonstr ned] ne p re&r mm ngp re,lem

mnc'i sYjedte #N=d, i>0, (.1
where /i m veder of Na tuples. The & [ re lem of( .1) 5
m xd'z s}eete A +s=c, s=0. (.2
Te selve thsp re,lem, we sensiderthe |of rihm g rrorp re lemp & meteriedy ythep est veg rrerg a meter u:
N
mnc'i—pY 1e8n;) sYjedte #ii=d, i>0. ( 3)
j=1
Thc@ rrer fUnet en s t sfies

lvt_r)lo —ple&n ;) = oo. (4

nj

I§72>0 nhully, theng rrer fndenm wt ns7 > 0. Define gt 11y cond1 ons fory 1rerp re fem

N
L(ﬁ,Z)ZCTﬁ—MZlog(nj)—ZT(%ﬁ—J). ( .5)
j=I
W iferentu t n Eves
aL —1 T = aL - . N
%ch_ﬁmj - Az, a—zi=di—fi:n, (.6)

where ", j me nsthe jth ¢olimn of %", ;. me nsthe ithrew ef #". Tha  eve'cxp ressona npe smply writem s
m Irx vese! foliim

G d L@ )=c—uDle—x"7, & LLGH=d— A0, (.7
w here
ng 0 -~ 0
0 ny --- 0
D=| - (.8
0 0 --- ny

Thsyeldsthe K rUsh KUhn TUeker sond1 ns

A Z=c—uD e, Hii=d, 7i>0. (.9
I§we define s = uD~'e, we b ve the etmlly condt ons

A i4+s=c, Ahi=d, Ds=pe, i>0. ( .10)

£ splesel'ton (7, 2, )  teths system spethprm 1 @ sple, 16,71 € Sy={n: AHi=d, 7 >0h ndd¥ | g sple,
te., Z,8) € Sp={(Z,s): A T+s=c,s=uD 'e>0}.
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ons der nSihe d¥ | £p Ti—dZ=i"s = UN, there fore, nYmer s 11y, we selva nenl ne reqd ten

A0 —d 0
Fii,72,)=| A" Z+s—c|=]0], ( .11
Ds — fue 0
where § sthe & mp n&e a meter n [0, 1].
ssUne th t (7ix, Z¢, sk) ' 5 Sven, then eri¢ ter ton of ‘ewtenmethedte F (71,7, s) =0yl ds
d5
G dF (g, Zx,s0) | dz | = —F (k. Zes s0)- ( .12)
ds
nee
\ .,
1y A 0 0
& dFGik, Zeos=| 0 " I |, ( .13)
Sk 0 Dy
we q)zt n
A 0 07rds d — Aiiy
0 x" 1 d: |=|c—H"Z —sp |- ( .14)
St 0 Did Lds —Dyesi + Priye
W Evetha 18erthim s fellews:
Algorithm (Computing an interior point solution).
(1) Int1l a ten: sheese (i1, 71, s1)" wihiiy, | >0a ndthree teler nees &, ez, & > 0;
(2) Ttex tion: for k frem 1 te 00;
(3) a le4 tethe res ¥ I
r;]f =d — Ay,
ré‘ =c— A% — sp,
1 _p
= —17i; 5k}
Hi Nk k
@) TH 5N <aio P8l <ez Iyl <o, taw:
(5) heese f € (0, 1n ndselve ( .14§;
(6) eomp Ue
ny dji
T‘ﬂxﬂf%ﬁ){r?OH: i|+r|: :|>O}; ( .15)
Sk dy

(7) mr seme 0 € (0, 1), set
7:=m n{0™ *, 1};
(8) ﬂgl te
Rl i= ny + tdy,
Zkt1 = 2k + 1dz,

Sk+1 = Sk + ds.
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Example (Computing an interior point solution). Te d& flyp tesent e'rmethed, we Eva weefiea ¢4 twnca mple,
whh m eenstr nedm nm 2 t enp re;lem

mn—1n; —2ny s"tjcdlon]—l-nz:l, ny, ny=>0. ( .16)

Ifweset7i =[n; na]",e=[—1 —2]", # =[1 1],d = 1, then fellew nEtha b eve ment oned stee s, we b ve

-

A —d 0
Fi,z,8)=| A Z+s—c|=|0], ( .17)
Ds — fue 0

where Z=[z1 z]",s=[s1 521", D=1 &ny,n2), u=1i"s,e=[1 1]", f=0.1 sthe & np nSa x meter n [0, 1].
It 52 syle dent 1y

r1 1 0 0 07

0 01 1 0
SdFGi,Zesi)=10 0 1 0 1
851 0 O fil 0

LO s 0 0 7p
There fote, foll ew nStha peve 1 8er thm, we qd 1@ ferseven Ier tien step s: the sel Y on 57" =[0.0000 l.OOOO]T,
the di | £p 55 7% =1.0042¢ — 007, them nm & ten# 1Y efthe o e fneton 5 c¢'n* = —2.0000.

Appendix D. Damped Gauss—-Newton method with line search

enserthem nm o t enp re, lem
m nJ[i] == S| RG)|. ™.1)
The & Uss ewtenmethed comp Yes stqp s; =7ix41 —7ixp,y selv néthem nm Un netim efthel na riz st sq¥ res
pre,lem
mn 3| RGix) + R Gip)s), ™.2)
whehle dstesy = —H 'ga ndiigy =iy + si.

The 8 mped & Uss ewtenmethed rerste 1ne sz rehteshngley e né Usedie determ naa  deseent dreet wn
( occtll &W,rlght, 1999), 1e., findn& 4 mp ne a meter ya nd deednEhews ritemeva lenEths dree on,

sk =—H ' gr. ®.3)

In somp W nEthe & mp n& a meter j;, weaf e & deofi ¢ wolldl kete cheese 7, to Eva s st nbul redVst on
of/,;, Y tthe s me tme, we de net & nt te ?'cndt..mu%tm’cm k nthe chowc. pe ¥ r mea ] ne se reh
sondt on stp Y testh t Vi sheWdfirst of 11 Ewve sUffiernt deere s¢ nihe b]’cd ve finet on Ja sme sul’cdbylhc
follew nS rieg | 1y:

J ik + 7ese) < J (ik) + 17,81 Sk ™.4)

for seme senst nt c; € (0, 1).

The sUffieent eetn sc sondten 5 net cneUShyy tsel fteenslre th t tha | Serthm m kes 1o sen y,lcp rofress,
pes Use 1 53 tsfied fon 11 sUffierntly sm 1l & 1 Vs of ). Torlte o' Un ceqed bly shert stge s we ntredVem seeond
req U rement, whish req U res 7, tes t sfy

gk + 7esi) sk > 28y Sk ™.5)

for seme senst nt ¢z € (¢q, 1), where ¢; sthe sonst nt frem (W.4).
ondiens M.4) W.5) rea ll'GdW,olﬁ sondtens. In o'n 1 8erthm, we shese c; =0.hh ndey =0.4.
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